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Abstract 

The quantum theory of the vector field minimally coupled to the 
gravity of the de Sitter spacetime is built in a canonical manner start- 
ing with a new complete set of quantum modes of given momentum 
and helicity derived in the moving chart of conformal time. It is 
shown that the canonical quantization leads to new vector propagators 
which satisfy similar equations as the propagators derived by Tsamis 
and Woodard [J.Math.Phys. 48 (2007) 052306] but having a different 
structure. The one-particle operators are also written down pointing 
out that their properties are similar with those found already in the 
quantum theory of the scalar, Dirac and Maxwell free fields. 
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1 Introduction 



In the quantum theory of fields on curved spacetimes the de Sitter (dS) ex- 
panding universe carrying fields variously coupled to gravity is of a special 
interest [D, [2]. The free scalar and Dirac fields minimally coupled to grav- 
ity were studied in static charts as well as in the (co)moving charts with 
proper or conformal times. The free massive vector field is considered only 
in static charts [3J with spherical coordinates and, therefore, the problem of 
its quantum modes in moving charts is still open. 

In the simplest case of scalar fields the quantum theory leads to propa- 
gators which depend on the geodesic length ^ [S]. This fact suggests that 
the difficulties arising in the theory of vector fields can be avoided in an 
elegant manner considering directly two-point functions depending only on 
the geodesic length and its derivatives O [7]. By using this method one 
skips the principal steps of the traditional quantum theory based on the 
canonical quantization and, consequently, some delicate problems may re- 
main unsolved. An example is the uniqueness of the spin for which we have 
not yet a coherent theory in general relativity. In other respects, the fiat 
limit of the quantum field theory on curved spacetimes must recover the tra- 
ditional theory where the canonical quantization is working. For this reason 
we emphasize that it deserves to construct the canonical quantum field the- 
ory on dS manifolds following the same steps as in special relativity. In this 
approach, apart from propagators, one may derive the conserved one-particle 
operators which are crucial for the physical interpretation of the field quanta 
(determining the charge, spin, etc.). 

To this aim we have then all the elements we need. First of all we can 
analytically solve the equations of the principal fields minimally coupled to 
the dS gravity. Moreover, the 5*0(1,4) symmetry of the dS manifolds pro- 
vides us with a large collection of operators commuting with those of the field 
equations [10], [11]. Thus we can choose complete sets of commuting operators 
which should determine suitable systems of fundamental solutions as com- 
mon eigenfunctions of the operators of these sets. Normalizing the solutions 
with respect to a well-defined relativistic scalar product, we may then ob- 
tain the complete systems of fundamental solutions we need for canonically 
quantizing the free fields. On the dS spacetime the momentum operators 
commute with that of the field equation and, therefore, there are fundamen- 
tal solutions representing eigenfunctions of the momentum operators. Such 
solutions form the momentum basis in which the Hamiltonian operator is 
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not diagonal since it does not commute with the momentum operators. In 
this context, we proposed a new time-evolution picture [12] which allowed 
us to introduce the energy basis which completes the quantum theory of the 
scalar field ^13j on the dS expanding universe. Within the same conjecture we 
developed the quantum theory of the Dirac [HI [15] and Maxwell [16] fields. 
What then remains is to study the Proca theory of the vector fields whose 
propagators or two-point functions in moving charts are of actual interest in 
cosmology [SI [9]. For this reason, the canonical quantum theory of the vector 
field on dS moving charts represents the subject of the present paper. 

We start in the second section with a brief review of the Proca theory on 
the moving dS charts with conformal time, by introducing then the principal 
conserved operators generated by the Killing vectors. Furthermore, in section 
3 we derive the complete set of fundamental solutions of the field equation 
determined by momentum and helicity. The next section is devoted to the 
canonical quantization of the vector field which leads to the new Green func- 
tions we look for. In section 5 we derive the principal one-particle operators 
in momentum representation. 

The principal results of this paper are the vector quantum modes of given 
momentum and helicity, the one-particle operators and the vector propaga- 
tors of the canonical quantum theory on the dS spacetime. We must stress 
that these propagators are different from the maximally symmetric two-point 
functions derived before by Allen and Jacobson [B] but satisfy the equations 
proposed by Tsamis and Woodard [7j. The arguments we present here indi- 
cate that our propagators are new solutions of these equations. 



2 Preliminaries 



In a given local chart of coordinates (/i, i/, ... 
element 

ds^ = g^udx^dx" , 

of a curved spacetime, (M, g), the Proca theory of the massive charged vector 
field A minimally coupled to gravity has the action 



0,1,2,3) and the line 
(1) 



S[A]= J d^Xy^C = J d^x^ 



'-F*F^"' + m'A*A^ 
C2 i^i' 



(2) 
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where m is the mass, g = \ det{g^^)\ and F^^ = d^A^ — d^A^ is the field 
strength. From the resulted field equations, 

dAVgg^'^g'^F^p) + ^'Va^' = o > (3) 

one deduces the Lorentz (or transversality) condition 

d^{^A>^)=Q, (4) 

which guarantees the uniqueness of the spin s = 1. 

The whole theory is invariant under the U{1) internal symmetry trans- 
formations (generated by the identity operator /) and the isometrics re- 
lated to the Killing vectors of {M,g). For each isometry transformation 
X — > x' = 05 (x) depending on the group parameter ^ there exists an as- 
sociated Killing vector field, K = d^(f)^\^=o (which satisfy the Killing equa- 
tion Kfj,-i, + Kj^-fj, = 0). Under such isometry the vector field transforms as 
A A' = T^A, according to the operator-valued representation ^ — of 
the isometry group defined by the well-known rule 



(x) 



iT^A)^ [0(x)] = A,{x) . (5) 



The corresponding generator, Xk = id£T^\(^=Q, has the action 

{Xk A)^ = -i{K-A^,, + K'^.^A,) . (6) 

We say that these generators are conserved operators since they commute 
with the operator of the field equation [TT]. Moreover, from the Noether 
theorem it results that any symmetry generator X gives rise to the time- 
independent quantity. 



C[X] = -z [ da^^g^^ 
J s 



A^ d, (XA^) 



(7) 



on a given space-like hypersurface S C M. Particularly, for the internal U{1) 
symmetry we must take X = I. 

We consider (M, g) to be the dS spacetime defined as a hyperboloid of 
radius l/tuS in a five-dimensional pseudo- Euclidean manifold, M^, of coor- 
dinates labeled by the indices A, B, ... = 0, 1, 2, 3, 5. The local charts of 



^We denote by uj the Hubble dS constant since H is reserved for the Haniihonian 
operator 
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coordinates {x} on can be easily introduced giving the specific functions 
z"^{x). Here we consider only the moving chart {t,x} with the conformal 
time, t, Cartesian coordinates and the line element 

ds^ = j^-:^7] ^ydx^dx" = {dt^ - cix ■ dx) , (8) 

where rj is the the metric tensor of the Minkowski spacetime [1]. 

The isometry group of the dS manifold is just the group S'0(l,4) of 
the pseudo-orthogonal transformations in M^. For this reason, the basis- 
generators of the 50(1,4) algebra are associated to ten independent Killing 
vectors, K(^ab) = —K(^ba), which give rise to the basis-generators X(^ab) of 
the vector representation of the S'0(l,4) group carried by the space of the 
vector fields A. In what follows we focus only on the Hamiltonian (or energy) 
operator H = ci;X(05), the momentum components = ti;(X(5j) — X(oi)) 
and those of the total angular momentum Jj = ^SijkX^jk) = 1,2,3) 

[H]. The action of these operators can be deduced from Eq. ([6]) using the 
concrete form of the corresponding Killing vectors whose components read 
[llj: K^^os) = and 

^(5.) - ^(0.) = , i^?5.) - ^?o.) = I; ^ (9) 

i^°^.) = 0, ^^^ = S,,x^-S,,x\ (10) 

The Hamiltonian and momentum operators do not have spin parts, acting 
as 

iHA)^it,x) = -tuitdt + x% + l)A^it,x), (11) 
(PM)^(t,x) = -td,A^{t,^), (12) 

while the action of the total angular momentum reads 

{JiA)j{t,x.) = {LiA)j{t,x.)~ieijkAkit,x.), (13) 
(J,A)o(t,x) = (L,A)o(t,x), (14) 

where L = x x P is the usual angular momentum operator. In addition, we 
define the Pauli-Lubanski operator W = P ■ 3 whose action depends only on 
the spin parts, 

(WAUt, x) = e,,kd,Akit, x) , (WAUt, x) = . (15) 
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This operator will define the polarization in the canonical basis of the so{3) 
algebra as in special relativity. 

Starting with the above results we can derive the time-independent quan- 
tities defined by Eq. ([7]) for any symmetry generator X and S = M^. After 
a little calculation we obtain the compact form 

C[X] = -1^^^ {A,, {XA),) , (16) 

with the new notation 

{f,g)=tl£xnt,^)dtgit,^), (17) 

where f d g = f{dg) — g{df). Defining now the relativistic scalar product 
of two vector fields as [T] 

{A\ A') = -r'' {A^, A'^) = -i^^^ J d'x A;{t, x) dt Kit, x) , (18) 

we can write 

C[X] = {A\XA). (19) 



3 Polarized plane wave solutions 

The specific feature of the quantum mechanics on dS manifolds is that the 
Hamiltonian operator f|TT]) does not commute with the momentum operators 
f|T2|) . For this reason the particular solutions of the field equation may be 
eigenfunctions either of the momentum operators or of the Hamiltonian one. 
In what follows we derive a complete set of fundamental solutions as common 
eigenfunctions of the commuting operators P* and W. 
In the chart {t, x} the field equations take the form 

dtid,A,)-AAo + ^Ao = 0, (20) 

d^Ak - AAk - dkidtAo) + dk{d,A,) + ^ Afe = , (21) 
where ^ = m/uj, while the Lorentz condition reads 

diAi = dtAo - 7 Ao . (22) 
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The solutions of these equations are vector fields which can be expanded as, 

A = + 

= /d3p5:{U[p,A]a(p,A) + U[p,A]*6*(p,A)}, (23) 

in terms of wave functions in momentum representation, a(p. A), and 6(p, A), 
which depend on the momentum p G and the polarization A = 0, ±1. De- 
noting p = |p| we assume that the vector fields U[p, A] satisfy the eigenvalue 
equations 

P^U[p, A] = p,U[p, A] , iyU[p, \]=p AU[p, A] , (24) 

and the orthonormalization relations 

(U[p,A]|U[p',A']) = 5,v5'(p-pO. (25) 

The components of these vector fields, U[p, A]^(x), form the desired sys- 
tem of fundamental plane wave solutions of positive frequencies depending 
on momentum and polarization. The corresponding fundamental solutions 
of negative frequencies are U[p, A]^(a;)*. We suppose that these solutions are 
of the form 

TTr„ \i _ / a(t,p)ei(np,A)e^P'' for A = ±1 , . 

U[p, AJUxj - I ^(i^p)e^(np, A)e*P- for A = 

and 

TTF M / \ f for A = ±1 

U[P'^]o(^) = | ^(t,p)e'P- for A = ^^7) 

where Hp = p/p and ej(np,A) are the polarization vectors of the helicity 
basis. For A = these vectors are longitudinal, i.e. e(np, 0) = np, while the 
vectors with A = ±1 are transversal such that p ■ e(np, ±1) = 0. In general, 
they have c-number components which must satisfy fTfi [18] 

e(np. A)* ■ e(np. A') = Sxy , (28) 
e(np. A)* A e(np. A) = iXiip, (29) 
^ei(np, A)*ej(np, A) = 6ij . (30) 

X 
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Introducing now the functions and ([27]) in Eqs. fl2U]) . dTTl) and (1221) 
we obtain the system 



2 c/ 



d 



t2 



7(t,p) = 



/3(t,p)^--^---j7(t,p) 
which can be solved in terms of Bessel functions. The solutions read 



P{t,p) 



N,e-'^-'{-tf^H\l\~pt) 



iN2e 2 



Trk 



1 f-r 1 

- [tk + - 
p\ 2 



(31) 
(32) 
(33) 



(34) 
(35) 



(36) 



where H^^^ are Hankel functions, Ni and A''2 are normalization factors and 

k ■■ 



I IJ? — \ provided m > lo/2. By using then the formulas given in the Ap- 
pendix A, we find that the orthonormalization condition 0251) is accomplished 
only if we take (up to phase factors) 



1 



No 



^TT 1 up 



2 (27r)3/2 ' " 2 (27r)3/2 m ' 
With this normalization our solutions satisfy the identity 

lY. I d3pU[p,A]:(t,x) 9i U[p,A],(t,x') 

= ( + d.d.] 53(x-x') 



(37) 



(38) 



which plays the role of a completeness condition. A similar equation can be 
derived for the components (0, 0) but for (0, i) and {i, 0) there are imaginary 
parts that can not be evaluated. However, this is not an impediment since the 
Lorentz condition reduces the number of canonical variable and, therefore, 
Eq. (1551) is enough for testing the completeness. 
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We derived thus the complete system of orthonormahzed fundamental so- 
lutions which are common eigenf unctions of the complete set of commuting 
operators {P\ W}. The solution of positive and negative frequencies corre- 
spond to the eigenvalues {p\pX} and respectively {—p\ —pX}- We note that 
the massless limit makes sense only if we take (3{t,p) = "^{t^p) = which 
leads to the Coulomb gauge of the Maxwell free field |16j . 

4 Quantization and propagators 

The quantization can be done in canonical manner transforming the wave 
functions a and b of the fields (123!) into field operators (such that b* — 6"'') 
[18j . These operators must fulfill the standard commutation relations in the 
momentum representation among them the non-vanishing ones are 

[a(p, A), at(p', A')] = [b{p, A), 6t(p', A')] = 6^y6\p - p') . (39) 

The field operators act on the Fock space supposed to have an unique vacuum 
state |0) accomplishing 

a(p,A)|0) = 0, (0|a^(k,A) = 0, (40) 

and similarly for b and 6^ The sectors with a given number of particles have 
to be constructed using the standard methods, obtaining thus the generalized 
momentum basis of the Fock space. 

4.1 Commutator functions 

The Green functions of the vector field are related to the partial commutator 
functions (of positive or negative frequencies) defined as 

Dl^\x,x') = ^[A^^\x),A^^^\x')], (41) 

and the total one, D^^ = +D^^\ which is a real function since [-D^t'']* = 
. All these functions are solutions of the field equations and obey the 
Lorentz condition in both the sets of variables, x and x' . The properties of 
the commutator functions can be deduced focusing only on the functions of 
positive frequencies, 

D^^\x,x')=iY. f d'p\J[p,XUx)\J[p,XUxr, (42) 
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derived from Eqs. ([2SD and (15U]) . According to Eqs. and (127|) we obtain 
the mode integral expansions 



6^ 



pipj 



a{t,p)a{t',py 



p2 



(3{t,p)p{t',py 



3«p(x-x') 



D^Q \x,x) 

Dq^ \x,x) 
Dqq\x, x') 



I I dV-Pit,p)^it',pye 
p 



p 



i / d p-f{t,p)-f{t\pye 



(43) 

(44) 

(45) 
(46) 



which show that D'^^\x, x') = Dj;^\t, t', x - x'). 

The above equations help us to deduce what happens at equal times, 
t' = t. Indeed, bearing in mind that D^^, are real functions and using the 
identities given in Appendix A we find 



Dij{x,x')\^,^^ = 0, Doo{x,x')\^,^^ = 0, 



Dio{x,x')\^,^^ = Doi{x,x')\^,__ 



5.53(x-x'l 



and 



{dt - dt')Dij{x,x') 

{dt - dt')Doo{x,x'] 
-{dt - dt')Dio{x,x') 



= (s.^ + '^d.d] 53(x-x') 
t'=t \ 'J 

^^A.5=^(x-x'), 



t'=t m 

= nidt- dt')Doi{x,x') 
t'=t ^ 



0. 



(47) 
(48) 

(49) 

(50) 
(51) 



t'=t 



The mode integrals fl43l) - fl46l) can be solved in terms of a scalar function 
and some simple operators. This is just the commutator function of posi- 
tive frequencies of the scalar field conformally coupled to the dS gravity [1] , 
defined by the integral 



V^+\x,x') 



4 (27r)3 



{tt'f^j d'pe^^--'y^Hll\-pt)Hll\-ptr (52) 
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which can be solved as [U E] , 



vM{x, x') = ^ e--^sech(7rA:) ^F, + ^k,^- it, 2; 1 - f ) , (53) 
where the quantity 

y{x^ ^) = — j^, — ^ (54) 

is related to the geodesic length between x and x' . We note that the function 
P^^-* satisfies the equation 



dt-\dt- A,. + I)(+)(x, x') = (55) 



(and similarly for x'). With its help and using Eqs. (IMIl . (135|1 and (!33|l we 
can write: 



^)(t,t',x) = --l9,(9,-^)l?W(t,t',x) (57) 



DW(t,t',x) = i^9,(9i,-^)pW(t,t',x) (58) 



Di,t\t,t',^) = -^AD(+)(t,t',x). (59) 



Similar formulas can be derived for -D^~) and D^^, which are related to the 
scalar functions = and V = + respectively. 

We succeeded thus to express all the commutator functions of the vector 
field in terms of some operators acting on scalar functions of y. A simi- 
lar result was obtained recently for the Dirac field whose anti-commutator 
functions resulted from the canonical quantization are given by differen- 
tial matrix-operators acting on specific scalar functions depending on the 
geodesic length [19j. Moreover, in both these cases there are factors depend- 
ing on powers of t and t' which show that the entire commutator or anti- 
commutator functions are no longer genuine functions of y (or of the geodesic 
length) and its derivatives. Notice that, in addition, the non-differential op- 
erator of Eq. (jnSD affects the dependence on spaces variables too. 
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4.2 Green functions 



According to the standard procedure, we now define the retarded (i?), ad- 
vanced (A), and (causal) Feynman (F) propagators, 



0(t - t')D^y{x,x) , 
-e{t' - t)D^y{x,x) , 
z(0|TK(x)4(x')]|0) 



= e{t- t')Dl+J (x, x') -e{t'- t)Dl-J {x, x') . 

The corresponding Green functions, 

= ^ 6X 5\x - x') + x') , 

satisfy the equation 



(60) 
(61) 

(62) 



(63) 



V"^d^ [dpG,,{x, x') - d,Gp,{x, x')] + ^ G^,{x, x') = r]^j\x - x') . (64) 

This can be proved by using the identities df[6{t)f{t)] = 5{t)dtf{t)—5{t)f{t)dt 
and dt[5{t)f{t)] = -5{t)f{t)du the artifice dtf{t - t') = \{dt - dt^)f{t - t') 
and Eqs. (l47l) - (!5TI) . In addition, the Lorentz condition yields 



-^Gpf,{x,x') 



m 



- d^5^{x - x') . 



(65) 



In the fiat limit these propagators and Green functions become the well- 
known ones of special relativity [17] as we briefiy present in Appendix B. 

Different Green functions can be defined by changing the gauge. The 
transverse ones, obeying the exact Lorentz condition. 



d„ 



^)g^''{x)Gt{x,x')\ = 9; \,/^)g^''{x')Gt{x,x') 



0, 



can be defined as 



G^^{x,x') H -d^dlGo{x,x') 



m 



where Gn is the massless scalar Green function which satisfies 



^)g^'''{x)dM,{x,x') 



5Hx - x') 



(66) 



(67) 



(68) 
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According to Eqs. fl64l) and fl4.2p we find that the equation of the transverse 
Green functions, 



49{^)g^^{x)d^ \dpG';,{x, x') - d,G%{x, x')] + ^)G';,{x, x') 



gf,u{x)6^{x - x') + ^Jg{x)d^dlGoix,x') 



(69) 



coincides to that of Ref . [7] where one uses the same Lorentz condition (166|1 . 
In the fiat hmit this equation takes the usual form (19T!) . 

Finally, we must stress that the transverse Green functions obtained here 
are different from those derived in [7] even though all of them satisfy the same 
equation (1^ . This is because the canonical quantization we use generates 
propagators that do not depend only on y and its derivatives as those of Ref. 
[7j which are forced to do this by definition. 



5 One-particle operators 

The canonical quantization procedure allows us to construct the one-particle 
operators associated to the symmetry generators staring directly with the 
conserved quantities (HM . More precisely, for each generator X we assume 
that there exist a corresponding one-particle operator defined as 

X=:{A\XA): (70) 

respecting the normal ordering of the operator products [T8J. The obvious 
algebraic properties 

[X,A^{x))] = -{XA)^{x), [X,y] =: {A\[X,Y]A) : (71) 

result from the quantization method adopted here. 

However, there are many other conserved operators which do not have 
corresponding differential operators at the level of quantum mechanics. The 
simplest examples are the operators of number of particles and antiparticles 
respectively, 

Ka= fd'p^a\p,X)a{p,X), Kp= fd'p^b\p,X)b{p,X), (72) 

A A 

which give the charge operator Q =: {A\A) := Afpa — Afap and the operator 
of total number of particles, Af = Afpa + Afap- 
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The principal conserved one-particle operators are Q, the components of 
momentum operator, 

r =: (A|PM) := / rf='pp^^[at(p,A)a(p,A)+6t(p,A)6(p,A)], (73) 

and the Pauli-Lubanski operator, 

W =: {A\ WA):= [ d'ppJ^X [a\p, A)a(p, A) + b^ip, A)6(p, A)] . (74) 

A 

The complete set of commuting operators {Q,V^ ,yV} determines the mo- 
mentum basis of the Fock space. 

The other one-particle operators are not diagonal in this basis but can be 
written in closed forms. For example, we can write the Hamiltonian operator 
in the momentum basis starting with the identity 

(HVip, A])^ (x) = -^uJ (p^d,^ + ^) U[p, A]^(x) . (75) 

The final result, 

H = y / d'pp' Y: M(p, A) d,^ a{p, A) + ¥{p, A) d,. Kp, A)] , (76) 

A 

is similar with those obtained for the scalar [13] , Maxwell [16] and Dirac [Ti] 
fields on (M, g). 

Another example is the total angular momentum whose components can 
be easily represented in the momentum basis. Indeed, according to Eqs. 
and ( |T3l) . we obtain the closed form 

Ji = -\ euj J d'p E M(P' ^) dk, a(p, A) + b\p, A) dk, b{p, A)] 

+ E^AA'(p)M(P,A)a(p,A') + 6np,A)6(p,A')]| , (77) 

AA' J 

where we denote 

^^^yip) = 2e,(p, A)*e,(p, A') +p^EeKP, A)* Hp, e^p, A') . (78) 

I 

Notice that Eq. ( l29l) helps us to verify the identity W = J2i'Pi>Ji- 
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6 Conclusions 



In this paper we succeeded to built the quantum theory of the massive 
charged vector field minimally coupled to the gravity of the dS expanding 
universe. Our approach is based on a complete set of commuting operators 
which determines in turn the fundamental solutions of given momentum and 
polarization. These form a complete set of orthonormalized solutions with 
respect to the relativistic scalar product. Under such circumstances, the 
method of canonical quantization was used for constructing the Fock space 
and the principal one-particle operators. 

The one-particle operators we derived here have similar structures and 
properties as in the scalar [T^, Dirac [2] or Maxwell [IB] theories. It is 
remarkable that the expansion in the momentum basis of the Hamiltonian 
operator (which is not diagonal in this basis) can be done as in the above 
mentioned cases [131 [HI [16] , using similar formulas. This indicates that our 
definition of the Hamiltonian operator [13] is correct despite of some doubts 
on its existence appeared in literature [20J. We specify that this operator 
is globally defined by the Killing vector ii'os, but it makes sense only inside 
the light-cones where it is always time-like. In other words, the energy is 
well-defined wherever an observer can do physical measurements. 

It is worth pointing out that our approach has good massless an fiat 
limits. In the massless limit this leads to the quantum theory of the free 
Maxwell field in Coulomb gauge on the dS expanding universe we proposed 
recently The fiat limit of our theory recovers all the well-know results 
of the Proca theory on Minkowski backgrounds. For this reason, our Green 
functions have the same structure ([57|) and similar properties to those of 
the corresponding Green functions on the fiat spacetime. However, despite 
of these similarities there are major differences. Apart from the analytical 
expressions, the principal difference is that on dS spacetimes the vector Green 
functions can not be related to the scalar propagators such as done in Eq. 
f[86|l and. consequently, there are no propagator equations similar to Eq. f[88|) . 

In other respects, it is obvious that our transverse Green functions fIBTl) 
differ from the maximally symmetric two-point functions proposed by Allen 
and Jacobson ^ but satisfy the same equation and Lorentz condition as 
the propagators constructed axiomatically by Tsamis and Woodard [7] . The 
difference is that our propagators are no longer functions only of y and its 
derivatives while those of Ref. [7] have this property. This suggests that our 
transverse Green functions we obtained using the canonical quantization are 
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new solutions of the transverse equation (1^ . 

The Proca theory on the dS expanding universe we presented here com- 
pletes our previous works [131 HH ESI US] opening thus the perspective to a 
realistic quantum theory on the dS expanding universe involving scalar, vec- 
tor and spinor fields. This theory must be based on trustworthy results given 
by the canonical quantization and perturbation theory in the reduction for- 
malism. In this framework one could deal with more sophisticated methods 
but now preserving the minimum requirements of rigor and consistency. 
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Appendix A: Properties of some Bessel functions 

Let us consider the Hankel functions H'^''^\s) in the special case when u = ik 
and denote 

Zis) = e--'/'Hil\s) , Z*is) = e-"'Hf^{s) . (79) 
Then, by using the Wronskian W of the Bessel functions |21j we find that 

Z*{s) ds Z{s) = W[hS\h^^] = -. (80) 

TTS 

Starting with this property and Eq. fl22|) we find the useful identities 

*~* Ai i 

ait.pY dtait.p) = -|iVi|2= , (81) 

TT (^zvrj'^ 

-iit.pY dtiit.p) = -t2|Ar2|2= (82) 

p{t,pydtP{t,p) = (^i + ^^^{t,prdti{t,p) 

which helped us to find the normalization factors fl37j) according to Eqs. fl25l) 
and f|T8|) . In addition, from Eq. fl22|) we deduce 

5^[7(t,p)mp)] = ^^f- (84) 
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Appendix B: The flat limit 

In the flat limit, when uj and ut —1, Eq. fl64l) becomes the standard 
equation of the vector Green functions of special relativity, 

V'^^d^ [d^G^^ix) - d^Gf,,{x)] + m^G^,{x) = r]^X{x) , (85) 

whose solutions [T7j, 

G^u{x) = (r]f,u + —^df, du) D{x) (86) 

depend on the scalar propagator JD which obeys (9^ + m?)D{x) = 6'^{x). 
These Green functions can be written as [T^ 

G,.{x) = ^6yj\x)+D,,{x), (87) 



where the vector propagators Dfj^^, are defined as in Eqs. (16011 -(l62l). According 
to Eq. ( |86ll . one can replace Eq. (1851) by the well-known one. 



id' + m')G,,{x) = (v,u + ^d, ) 6\x) , (88) 



and show that the Lorentz condition yields, 

1 



d^'G,,{x) = —dJ\x). (89) 



The transverse propagator. 



1 



G;.ix) = G^^ix) - —d^dM^) , (90) 

depend on the massless scalar propagator Dq. It satisfies the exact Lorentz 
condition, d^G^^j^{x) = 0, and the equation 



dpG';:^^) - d^G'^'^ix) + m'G';,ix) = r^^J\x) - d^dM^) ■ (91) 
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